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Temperature effects in terahertz step well quantum cascade 
structures with diagonal optical transitions 
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bPhysics Department, Naval Postgraduate School, Monterey, CA 93943, USA 
ABSTRACT 
Temperature effects in terahertz (THz) step well quantum cascade (QC) structures are investigated. Step well QC 
structures with diagonal optical transitions that use fast intrawell electron-longitudinal optical (LO) phonon scattering for 
depopulation are considered. A density matrix method is used to model the electron transport coherence and is 
incorporated into the Monte Carlo simulations of these structures. A phenomenological dephasing time is also included. 
The influence of the lattice temperature on the population inversion is modeled and the effects due to gain spectral 
broadening are also considered. Optical gain greater than typical waveguide resonator thresholds are estimated out to  
T ∼ 200 K.  
Keywords: THz, quantum cascade, step well, diagonal optical transition, lattice temperature, optical gain spectra, 
electron transport, density matrix, coherence. 
1. INTRODUCTION 
THz QC lasers have continuously improved since their inception1 in terms of both output power and device 
operating temperature. Several QC configurations2 for the active region have been used and proposed. Milliwatt power 
levels have been achieved, but the maximum operating temperature so far is still below 200 K without employing a 
magnetic field.3 QC lasers have not only attracted the attention of experimentalists but also the attention of theoreticians 
as well. A number of techniques to varying degrees of accuracy have been developed and used to model the electron 
transport within these devices.4-19 Some have used the nonequilibrium Green’s function approach6,8,11-15 and efforts to 
model the optical gain linewidth temperature dependence have been made.12 But it has been argued that these techniques 
should better predict the temperature dependence of the linewidth. Another approach that has been reported used a 
simplified density matrix method to estimate the gain spectra at cryogenic temperatures in so-called resonant phonon 
structures (where the lower lasing state is resonantly tunneled).17,18 Approximations were made where the 
nonequilibrium electron distributions were neglected and only the states within a periodic section needed for the laser 
action were included in the analysis. Other approximations have been made such as assuming a unity injection efficiency 
and neglecting back-scatter rates.17 Under such approximations, the density matrix method reduces to the solution of 
simple rate equations while at the same time conveniently providing a straight forward way to include transport 
coherence and dephasing. Some of the results have suggested a double peaked gain spectra as a plausible way to explain 
certain experimental observations. However, because the nonequilibrium electron distributions were not solved and not 
all states within a periodic section were included, accurate temperature dependence of QC structures would seemingly be 
difficult to estimate using such an approach. Nonetheless, these types of modeling techniques are certainly useful for 
predicting transport properties in QC devices. 
 
Recently, step well structures that feature a multi-step one-well structure and a principally two-well structure were 
proposed and the electron transport properties were modeled using a density matrix Monte Carlo approach at the 
cryogenic temperature of 25 K.19 The two structures that were analyzed are shown in Fig. 1. Both structures have a 
diagonal optical transition, which is a sideways photon assisted tunneling transition, between the upper and the lower 
lasing states |2〉 → |1〉. The lower lasing state is intended to be rapidly depopulated via fast intrawell LO phonon 
scattering to the lower ground state |1〉 → |0〉 (scattering rate lifetime τ LO,1→ 0 ~ 0.2 psec) since ΔE1-0 ≈ ħω LO (~ 36 meV in 
GaAs). These structures attempt to utilize the advantages a step well structure can offer (good injection selectivity and  
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FIG. 1. (Color online) (a) Conduction band diagram showing the localized wavefunctions at an applied electric 
field of 15.5 kV/cm with one periodic section outlined. Beginning with the left injector, the AlxGa1−xAs layers 
compositions are 0.13/0.02/0.09/0.02/0 and thicknesses in nm are 4.8/11/3.2/4/13.5, with ΔE2-1 = 19.2 meV (~  4.6 
THz) and ΔE1-0 = 38 meV. (b) Conduction band diagram showing the localized wavefunctions at an applied 
electric field of 16.4 kV/cm with one periodic section outlined. Beginning with the left injector, the AlxGa1−xAs 
layers compositions are 0.15/0.03/0/0.12/0 and thicknesses in nm are 4/6.1/4.3/3.5/16.7, with ΔE2-1 = 19.4 meV  
(~ 4.7 THz) and ΔE1-0 = 37.3 meV. The center 2 nm of the last layer in each QC structure is assumed doped to a 
sheet density of 3.4×1010 cm−2. The current density as a function of applied electric field bias found from the 
density matrix Monte Carlo simulations are shown inset for each structure. 
 
fast intrawell electron-LO phonon scattering for depopulation that does not require resonant tunneling of the lower lasing 
state) while also improving the upper to lower lasing state LO phonon lifetime ratio τ2 /τ1 ~ 8. These characteristics are 
desirable for any QC device and are the motivation for further investigating lattice temperature dependent properties of 
these structures. Diagonal optical transitions can and have been used to improve the injection selectivity in conventional 
square well QC structures, while at the same time usually also decreasing the oscillator strength.3 With step well 
structures, good injection selectivity can be obtained somewhat more independent of the overlap of the optical transition 
wavefunctions.19,20 A structure similar to that shown in Fig. 1b using square wells has been reported in Ref. 21. 
 
In this paper, a density matrix Monte Carlo method is used to model the temperature effects in the step well QC 
structures shown in Fig. 1. The temperature dependent nonequilibrium electron distributions are solved and all states 
within a periodic section are modeled (including state |3〉). In this manner the intersubband scattering rates (including 
back-scatter rates) as well as all anticrossings are included in the analysis. Next, a brief description of the density matrix 
Monte Carlo method used to model the temperature dependent electron transport coherence and calculate the optical 
gain spectra in these structures will be described, and then the results from using this approach will be discussed. 
2. ELECTRON TRANSPORT 
To handle scattering between weakly coupled states as are present in QC structures, quantum coherence22-25,4,9 is 
included in the transport analysis using density matrices similar to that described in Refs. 22-25. The density matrix 
Monte Carlo method has been previously used to model the electron transport in these step well structures at the 
cryogenic temperature of 25 K,19 and this method is used in this paper to model lattice temperature effects. We 
additionally predict the temperature dependent optical gain spectra using what can be considered an extension to the 
simpler density matrix spectral approach used in Refs. 17 and 18. This allows the optical gain to be estimated without 
assuming a linewidth as a phenomenological parameter. Although this technique is used to model step well structures, it 
is valid for analyzing other types of QC structures as well. 
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2.1 Density matrix Monte Carlo method  
In the density matrix Monte Carlo method transport coherence through the injector barrier is modeled using a 
density matrix approach including dephasing, while relaxation scattering is handled using a semiclassical Monte Carlo 
approach where the scattering rates are calculated via Fermi’s golden rule.4,9,19,26,27 Our specific implementation of the 
Monte Carlo portion of this simulation and the details of the scattering rate calculations have been previously described 
in Ref. 16, and the transport coherence implementation described in Ref. 19. Scattering mechanisms including electron-
LO phonon, electron-electron, impurity, and interface roughness scattering are included in these calculations. Acoustic 
phonon scattering is not expected to contribute appreciably to the total scattering.12 The nonequilibrium electron 
distributions are solved and used in the rate calculations and state blocking. No assumption or fitting to a Fermi-Dirac 
distribution is assumed. An effective electron temperature is used in the screening calculations. In our model, the 
temperature dependence enters from the occupation of the phonon modes and affects the electron distributions and 
screening. The density matrix method was implemented into the Monte Carlo simulation as follows. By including only 
coherent transport and dephasing the density operator equation becomes (with units of ħ = c = 1)   
 
                 (1) 
 
where imjnjnimmnij HHL δδ
*
, −=  is the Liouville operator which is a tetradic matrix and T ′  is the dephasing time used for 
all subbands. This equation is solved and used to describe the time evolution coherence of the electron ensemble without 
relaxation scattering. During the simulation relaxation scattering is handled in the usual Monte Carlo way, but the 
particle ensembles are no longer integer particles as they are in the case of an ensemble Monte Carlo simulation. 
Scattering events where the initial state population is scattered to a final state affect the diagonal elements as 
iii k,
ρ → 0 
and 
fff k,
ρ → | f 〉〈 f |. In order to take into account the ½  factor necessary for correctly calculating the total dephasing 
time (see below), when a scattering event occurs the off-diagonal i ≠ j elements are set to zero 50% of the time 
ii jiij kk ,,
, ρρ → 0 during the simulation.9,19 Weighted averaging and k-space bins are used to keep from having an 
unbounded number of density matrices with different kf values that would otherwise occur from these scattering events. 
A tight-binding method is used to calculate the localized basis wavefunctions that are used in these simulations.  
 
2.2 Temperature dependent optical gain spectra  
To calculate the optical gain spectra, the temperature dependent lifetimes solved from the transport model just 
described are used. An electric field perturbation is included of the form E = x̂)cos(   tωE  incorporating the electric dipole 
interaction coherent coupling of the optical states. The time evolution of the density operator may now be written as 
 
 
 
               (2) 
 
 
 
where imjnjnimmnij HHL δδ
*
, ′−′=′ , ( )juiljliuulijij teHH δδδδω ++=′  )cos(  Ex , ulx  = 〈 l | x | u 〉, u and l are the upper and lower 
lasing state indexes respectively, Wi is the total scattering rate out of state | i 〉, Wji is the scattering rate from | j 〉 → | i 〉, and 
ijT ′  is the phenomenological or pure dephasing time between states | i 〉 and | j 〉. The total dephasing time dephτ  is related 
to the relaxation scattering time τ  and T ′  by 111 −−− ′+= Tdeph  ½ ττ . The factor of ½ comes from the fact that iiρ ∝ |   |2. 
The optical field Rabi frequency is h/ Eulul ex=Ω . The dynamics of the electron transport and optical coupling using 
the density matrix method are contained within and described by Eq. (2). The solution of the Eq. (2) allows for the 
electrical susceptibility χ = χ′ +      iχ′′ to be determined. The electrical susceptibility is found from the polarization P 
induced from the external optical field E and is [ ])()(2)( ωρωρεωχ −+×−= luulcul Ve  / Ex , where Vc is the volume of 
the resonant cavity. The optical gain can be calculated from 
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where k is the wave number and nr is the index of refraction. In this manner, the density matrix Monte Carlo method 
along with Eqs. (2) and (3) allow for the temperature dependent optical gain spectrum to be calculated.  
3. LATTICE TEMPERATURE SIMULATIONS 
Since the electron transport of the two QC structures in Fig. 1 were previously modeled at the cryogenic lattice 
temperature of 25 K and found to have similar transport properties,19 it was anticipated that their transport properties 
would also be similar at elevated lattice temperatures. The density matrix Monte Carlo method was used to find the 
subband populations as a function of lattice temperature (see Fig. 2), where a conservative dephasing time of T ′ = 0.33 
psec was used in the simulations (corresponding to a linewidth of 4 meV prior to lifetime broadening ≈ 2ħ /T ′ ). The two 
structures are seen to keep about the same population inversion over the temperature range from T = 25 to 300 K, where 
these calculations have been made at the design bias which is at the |0〉 ↔ |2'〉 resonance. Also shown (as insets) in Fig. 2 
are the electron distributions as well as the ratio of the population inversion to the total 2D population Δn2-1/n2D for 
different dephasing times of T ′ = 0.33 and 0.5 psec. As expected, these graphs illustrate that the population inversion 
will increase with less pure dephasing scattering (corresponding to the larger T ′ = 0.5 psec). Since the two structures are 
indeed simulated to have similar temperature dependence, we next choose to calculate the optical gain spectra only for 
the structure in Fig. 1b. This structure was chosen since it was modeled to have slightly better isolation at the 
intermediate bias corresponding to where states |0〉 ↔ |1'〉 become resonantly aligned (as can be seen from the inset 
current density curves, where a bump in the curve at ~ 10 kV/cm is noted for the QC structure in Fig. 1a).  
 
The optical gain spectra for the Fig. 1b QC structure were computed for lattice temperatures from T = 25 to 250 K 
(in steps of ΔT = 25 K) using the density matrix Monte Carlo method (see Fig. 3). The spectra shown in Fig. 3 were 
calculated in the weak optical field limit field limit E → 0 to illustrate the temperature dependent broadening in the 
absence of an optical field. A peak optical gain of ~ 80 cm−1 is calculated with a FWHM linewidth Δν = 1.74 THz at  
25 K. The optical gain decreases relatively slowly out to about 100 K, due to these relatively low lattice temperatures 
and possibly the diagonally made optical transition. However, at elevated lattice temperatures above 100 K the 
maximum optical gain is calculated to decreases rapidly within increasing temperature due to the thermally active 
electron-LO phonon scattering. The linewidths are calculated to be fairly broad compared to some reported 
experimentally measured linewidths in different QC structures28 and T ′ = 0.33 psec used in these calculations may be  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. 2. (Color online) Results of the density matrix Monte Carlo simulations of the (a) Fig. 1a and (b) Fig. 1b QC 
structures. The population densities of the upper |2〉 and lower |1〉 lasing subbands as well as the ratio of the 
population inversion to the total 2D population Δn2-1/n2D as a function of lattice temperature for T ′ = 0.33 psec. 
The state populations have been calculated at the |0〉  ↔ |2'〉 resonance. Inset: The electron distributions for all 
subbands in each structure at T = 25 K (showing two periodic sections of the cascade) as well as Δn2-1/n2D as a 
function of lattice temperature for T ′ = 0.33 and 0.5 psec. 
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FIG. 3. (Color online) The optical gain spectra for the Fig. 1b QC structure for different lattice temperatures found 
from the density matrix Monte Carlo simulations. The spectra have been calculated at the |0〉 ↔ |2'〉 resonance in 
the weak optical field limit E → 0. The values of the FWHM linewidths Δν are indicated alongside various 
spectral curves.  
 
somewhat short. Though spontaneous emission data has not been reported for many devices perhaps due to the difficulty 
in measuring sub-threshold spectra in low loss and low output coupling metal-metal waveguides. 
 
To account for the optical field present in the resonant cavity, the optical gain spectra were calculated for different 
field strengths ranging from E → 0 to 4 kV/cm at lattice temperatures of T = 25, 100, and 200 K (see Fig. 4). These 
curves illustrate the effects of the optical field that are seen as both a reduction in the peak gain as well as an increase in 
the linewidth as expected. Relatively good optical gain was calculated at 100 K (shown inset in Fig. 4) even at relatively 
high optical field strengths (g ~ 58 cm−1 at T = 100 K and E = 3 kV/cm). At 200 K the peak optical gain was calculated  
~ 33 cm−1 to below 20 cm−1 over the range of field strengths simulated (also shown inset in Fig. 4). Although modeling 
of metal-metal waveguide resonators using the finite element method has computed threshold gain values to be less than 
this29,16 which suggests the possibility for device operation above 200 K, these models may be somewhat idealized. In  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. 4. (Color online) The optical gain spectra for the Fig. 1b QC structure for different optical electric field 
perturbation strengths at lattice temperatures of T = 25, 100, and 200 K (curves for T = 100 and 200 K are shown 
as insets) found from the density matrix Monte Carlo simulations. The spectra have been calculated at the  
|0〉 ↔ |2'〉 resonance. The values of the FWHM linewidths Δν are indicated alongside the spectral curves.  
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Ref. 30 the experimentally estimated threshold gain was ~ 36±10 cm−1 which indicates operation above 200 K unlikely. 
Even though these simulations have incorporated quantum coherence and a temperature dependent optical gain method 
which models all of the states within the QC structure, modeling all states as being localized could lead to optimistic 
predictions. Also, different temperature dependent screening models are possible. Thus, the optical gain at elevated 
lattice temperatures may be less than what has been calculated. Nevertheless, this study of structures that have 
characteristics favorable for elevated temperature operation (near unity injection efficiency, diagonal optical transition, 
and fast intrawell LO phonon scattering for depopulation) reiterates the findings of others31 of the difficulty in obtaining 
elevated temperature operation in QC devices based on semiconductors with LO phonon energies close to the room 
temperature thermal energy kBT ~ 26 meV such as in GaAs where ħω LO ~ 36 meV.  
4. CONCLUSIONS 
An extension to the density matrix Monte Carlo method which allows for estimation of the temperature dependent 
optical gain spectra for QC devices has been presented. The maximum optical gain is calculated without assuming a 
linewidth, as both parameters are obtained from the computed optical gain spectrum. The optical field is also included in 
these calculations. This analysis contains only one phenomenological dephasing parameter. The nonequilibrium electron 
distributions are solved and this method is valid for modeling the electron transport in any type of QC structure. The step 
well structures investigated feature some useful characteristics for good temperature performance, yet still are predicted 
to have a maximum operating temperature on the order of ~ 200 K or perhaps somewhat lower. This reiterates the 
known difficulty of device operation at elevated lattice temperatures for GaAs semiconductor QC structures where the 
LO phonon energy is relatively small compared to the thermal energy. 
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